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Transductive Knowledge Graph Completion
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Inductive Inference for Entities
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Inductive Reasoning Methods
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NeuralLP (NIPS 2017)

• Learns probabilistic first-order 
logical rules for reasoning on 
knowledge graphs
• Requires learning the parameters 

in a continuous space and the 
structure in a discrete space

• Learns the parameter and structure 
of first-order logical rules

GraIL (ICML 2020)

• Proposes a GNN-based KGC 
framework that reasons over local 
subgraph structures
• Has an inductive bias to learn 

entity-independent relational 
semantics

• GraIL can represent a useful subset 
of first-order logic

DRUM (NeurIPS 2019)

• Learns probabilistic first-order 
logical rules for inductive and 
interpretable link prediction

• Connects the learning of confidence 
scores for each rule and low-rank 
tensor approximation

• Uses bidirectional RNNs to share 
information across relations
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Inductive Reasoning Methods
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NBFNet (NeurIPS 2021)

• Defines the representation of a node 
pair as the generalized sum of all 
path representation between them

• Defines the representation of each 
path as the generalized product of 
the edge representations in the path

• Parameterizes the generalized 
Bellman-Ford algorithm

RMPI (ICDE 2023)

• Passes messages directly between 
relations to use relation patterns for 
subgraph reasoning
• Proposes techniques for 

relational message passing

• RMPI can utilize the relation 
semantics defined in the KG’s 
ontological schema

RED-GNN (TheWebConf 2022)

• Proposes relational directed graph 
(r-digraph), which is composed of 
overlapped relational paths
• Designed to capture the local 

evidence of KGs 

• Uses dynamic programming to 
recursively encode multiple r-
digraphs with shared edges
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Inductive Reasoning Methods
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InGram (ICML 2023)

• Defines a relation graph as a 
weighted graph of relations and 
the affinity weights between them

• Learns how to aggregate neighbor 
embeddings to generate relation 
and entity embeddings
• Utilizes the relation graph and 

the original knowledge graph

KnowFormer (ICML 2024)

• Utilizes a transformer architecture 
to perform reasoning on KGs from 
the message-passing perspective

• Defines the attention computation 
based on the query prototype of 
knowledge graph reasoning

• Introduces structure-aware modules 
to calculate query, key, and value

AdaProp (KDD 2023)

• Learns an adaptive propagation 
path to filter out irrelevant entities 
while preserving promising targets

• Designs an incremental sampling 
mechanism with linear complexity

• Designs a learning-based sampling 
distribution to identify the 
semantically related entities

KAIST Big Data Intelligence Lab
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Motivation

• The most dominant paradigm in KGC is to learn and operate on latent representations of 
entities and relations

• Not clear if these embedding-based KGC methods effectively capture the logical rules that hold 
among the relations underlying the KG

• KGC can be viewed as a logical induction problem, where one seeks to derive 
probabilistic logical rules underlying a given KG

• By learning entity-independent relational semantics, one can generalize to unseen entities

• In contrast, embedding-based KGC methods assume a fixed set of entities in a graph

• Many real-world KGs are evolving, with new entities being added over time

• The ability to make predictions on new entities without expensive re-training is essential for 
production-ready machine learning models
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Contributions

• Present a GNN framework GraIL (Graph Inductive Learning), that has an inductive 

bias to learn entity-independent relational semantics

• GraIL can represent a useful subset of first-order logic

• Naturally generalizes to unseen nodes, as the model learns to reason over subgraph 

structures independent of any particular node identities

• Introduce a series of benchmark tasks for inductive KGC

• To test models with inductive capabilities for entities, new inductive datasets are constructed 

by sampling subgraphs from KG datasets
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Overview of GraIL
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Subgraph Extraction

• Assume that local graph neighborhood of a particular triplet in the KG will contain 

the logical evidence needed to deduce the relation between the target nodes

• Assume that the paths connecting two target nodes contain the information that could imply 

the target relation

• Extract the enclosing subgraph around the target nodes

• Intersection of 𝑘-hop neighborhood of the two target nodes

13KAIST Big Data Intelligence Lab



Node Labeling

• Designed to capture the topological position of each node with respect to the 

target nodes and reflect its structural role in the subgraph

• Each node 𝑖 in the subgraph around nodes 𝑢 and 𝑣

is labeled with 𝑑 𝑖, 𝑢 , 𝑑 𝑖, 𝑣

• 𝑑 𝑖, 𝑢 denotes the shortest distance between nodes 𝑖 and 𝑢

without counting any path through 𝑣

• The dimension of node features is bounded by the

number of hops considered while extracting the

enclosing subgraph

14KAIST Big Data Intelligence Lab



GNN Scoring

• Use a GNN to score the likelihood of the target triplet using the extracted and 

labeled subgraph around the target nodes

• A node representation is iteratively updated by combining it with aggregation of it’s neighbors’ 

representations

• Use representations from the intermittent layers 

and the last layer

• Allows flexible neighborhood ranges for each node

15KAIST Big Data Intelligence Lab



Experiments
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Conclusion

• Propose a GNN-based framework, GraIL, for inductive reasoning for entities

• Unlike embedding-based approaches, GraIL is able to predict links between nodes that were 

unseen during training 

• GraIL brings an inductive bias complementary to the state-of-the-art KGC methods

• Provide theoretical insights into the expressive power of GNNs in encoding a 

useful subset of logical rules

• Open a new direction on inductive reasoning in context of knowledge graphs
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Motivation

• Traditional methods of link prediction (e.g., Katz, PPR) can be directly applied to 

new graphs

• Also enjoy good interpretability and scale up to large graphs

• However, they may not be optimal for link prediction on real-world graphs

• Recent link prediction methods adopt GNNs to automatically extract important 

features from local neighborhoods for link prediction

• However, these methods can only be applied to predict new links on the training graph

• Some methods support inductive setting, but the scalability of these methods is compromised
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Contributions

• Propose an approach that enjoys the advantages of both traditional path-based 

methods and recent approaches based on GNNs

• Generalization in the inductive setting, interpretability, high model capacity and scalability

• Propose a path formulation that generalizes many link prediction methods and 

graph theory algorithms

• This formulation can be efficiently solved via the generalized Bellman-Ford algorithm

• Propose Neural Bellman-Ford Networks (NBFNet), a GNN that solves the proposed 

path formulation with learned operators in the generalized Bellman-Ford algorithm

• Parameterizes the handcrafted operators of generalized Bellman-Ford algorithm
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Overview of NBFNet
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Path Formulation

• Formulate the representation of a pair of nodes 𝑢 and 𝑣 as a generalized sum of 

path representations between 𝑢 and 𝑣 with a commutative summation operator ⨁

• 𝒉𝑞 𝑢, 𝑣 = 𝒉𝑞 𝑃1 ⨁𝒉𝑞 𝑃2 ⨁…⨁𝒉𝑞 𝑃 𝒫𝑢𝑣
ȁ𝑃𝑖∈𝒫𝑢𝑣

• Each path representation is defined as a generalized product of the edge 

representations in the path with the multiplicator operator ⊗

• 𝒉𝑞 𝑃 = 𝑒1, 𝑒2, … , 𝑒ȁ𝑃ȁ = 𝒘𝑞 𝑒1 ⊗𝒘𝑞 𝑒2 ⊗⋯⊗𝒘𝑞 𝑒 𝑃

• Such a formulation is capable of modeling several traditional link prediction 

methods and graph theory algorithms

• Katz index, Personalized PageRank, graph distance, widest path, most reliable path

22KAIST Big Data Intelligence Lab



Generalized Bellman-Ford Algorithm

• The path formulation is computationally expensive since the number of paths 

grows exponentially with the path length

• A scalable solution is to use the generalized Bellman-Ford algorithm

• computes the pair representation ℎ𝑞 𝑢, 𝑣 for a given entity 𝑢, a given query relation q, and all 

𝒗 ∈ 𝓥 in parallel

• Reduces the total computation by the distributive property of multiplication over summation

• 𝒉𝑞
0
(𝑢, 𝑣) ⟵ 𝟏𝑞 𝑢 = 𝑣

• 𝒉𝑞
𝑡
(𝑢, 𝑣) ⟵ ⨁ 𝑥,𝑟,𝑣 ∈ℰ 𝑣 𝒉𝑞

𝑡−1
(𝑢, 𝑥) ⊗𝒘𝑞(𝑥, 𝑟, 𝑣) ⨁𝒉𝑞

0
(𝑢, 𝑣)
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Neural Bellman-Ford Networks

• Parameterize the generalized Bellman-Ford algorithm with neural functions

• Indicator function 𝟏𝑞(𝑢 = 𝑣) is replaced by INDICATOR function

• Binary multiplication operator ⊗ is replaced by MESSAGE function

• N-ary summation operator ⨁ is replaced by AGGREGATE function

• 𝒉𝑞
0
(𝑢, 𝑣) ⟵ INDICATOR(𝑢, 𝑣, 𝑞)

• 𝒉𝑞
𝑡
(𝑢, 𝑣) ⟵ AGGREGATE MESSAGE 𝒉𝑞

𝑡−1
𝑢, 𝑥 ,𝒘𝑞 𝑥, 𝑟, 𝑣 ȁ 𝑥, 𝑟, 𝑣 ∈ ℰ 𝑣 ∪ 𝒉𝑞

0
𝑢, 𝑣

• NBFNet can be interpreted as a GNN framework for learning pair representations
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Comparison of Operators
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Experiments
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Conclusion

• Present a representation learning framework based on paths for link prediction

• Generalizes several traditional methods, and can be efficiently solved via the generalized 

Bellman-Ford algorithm

• To improve the capacity of the path formulation, NBFNet is proposed, which 

parameterizes the generalized Bellman-Ford algorithm with learned functions

• Experiments on knowledge graphs show that NBF outperforms a wide range of 

methods in both transductive and inductive settings
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Inductive Inference for Relations
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Directed
Profession

ActedIn

BornIn

LivedIn

Nationality

Bin 1

Bin 2

Bin 2

Bin 2

Bin 1
Bin 1

Bin 2

Bin 1

Relation Pairs Weights

(BornIn, LivedIn) 0.81

(ActedIn, Directed) 0.50

(BornIn, Nationality) 0.36

(ActedIn, Profession) 0.33

(Directed, Profession) 0.22

(ActedIn, BornIn) 0.11

(BornIn, Profession) 0.11

(LivedIn, Nationality) 0.11

Relation Pairs Sorted by WeightsRelation Graph with Binning

Relation Graph with Binning

39

Bin 1

Bin 2

KAIST Big Data Intelligence Lab



Relation-level Aggregation

• Aggregate neighboring relations’ embedding vectors

• 𝒛𝑖
𝑙+1

= 𝜎 σ𝑟𝑗∈𝒩𝑖
𝛼𝑖𝑗

𝑙
𝑾 𝑙 𝒛𝑗

𝑙

• Consider the relative importance and the affinity weight

• 𝛼𝑖𝑗
𝑙
=

exp 𝜓 𝑙 𝒛𝑖
𝑙
‖𝒛𝑗

𝑙
+ 𝑐𝑠 𝑖,𝑗

𝑙

σ𝑟
𝑗′
∈𝒩𝑖

exp 𝜓 𝑙 𝒛𝑖
𝑙
‖𝒛

𝑗′
𝑙

+ 𝑐
𝑠 𝑖,𝑗′
𝑙

• 𝜓 𝑙 𝒙 = 𝒚 𝑙 𝜎 𝑷 𝑙 𝒙

40
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Relation-level Aggregation

• Aggregate neighboring relations’ embedding vectors

• 𝒛𝑖
𝑙+1

= 𝜎 σ𝑟𝑗∈𝒩𝑖
𝛼𝑖𝑗

𝑙
𝑾 𝑙 𝒛𝑗

𝑙

• Consider the relative importance and the affinity weight

• 𝛼𝑖𝑗
𝑙
=

exp 𝜓 𝑙 𝒛𝑖
𝑙
‖𝒛𝑗

𝑙
+ 𝑐𝑠 𝑖,𝑗

𝑙

σ𝑟
𝑗′
∈𝒩𝑖

exp 𝜓 𝑙 𝒛𝑖
𝑙
‖𝒛

𝑗′
𝑙

+ 𝑐
𝑠 𝑖,𝑗′
𝑙

• 𝜓 𝑙 𝒙 = 𝒚 𝑙 𝜎 𝑷 𝑙 𝒙
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• Compute an entity embedding by considering its own vector, 

its neighbors’ embeddings, and its adjacent relations

𝒉𝑖
𝑙+1

= 𝜎 𝛽𝑖𝑖
𝑙 ෢𝑾 𝑙 𝒉𝑖

𝑙
‖ത𝒛𝑖

𝐿
+ ෍

𝑣𝑗∈ ෡𝒩𝑖

෍

𝑟𝑘∈ℛ𝑗𝑖

𝛽𝑖𝑗𝑘
𝑙 ෢𝑾 𝑙 𝒉𝑗

𝑙
‖𝒛𝑘

𝐿

Entity-level Aggregation

42

own vector

neighbors’ embeddings adjacent relations
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• Consider the entity itself and its adjacent relations

𝒉𝑖
𝑙+1

= 𝜎 𝛽𝑖𝑖
𝑙 ෢𝑾 𝑙 𝒉𝑖

𝑙
‖ത𝒛𝑖

𝐿
+ ෍

𝑣𝑗∈ ෡𝒩𝑖

෍

𝑟𝑘∈ℛ𝑗𝑖

𝛽𝑖𝑗𝑘
𝑙 ෢𝑾 𝑙 𝒉𝑗

𝑙
‖𝒛𝑘

𝐿

ത𝒛𝑖
𝐿
= ෍

𝑣𝑗∈ ෡𝒩𝑖

෍

𝑟𝑘∈ℛ𝑗𝑖

𝒛𝑘
𝐿

σ
𝑣𝑗∈ ෡𝒩𝑖

ℛ𝑗𝑖

𝛽𝑖𝑖
𝑙
= exp ෠𝜓 𝑙 𝒉𝑖

𝑙
‖𝒉𝑖

𝑙
‖ത𝒛𝑖

𝐿
/𝜆

𝛽𝑖𝑗𝑘
𝑙
= exp ෠𝜓 𝑙 𝒉𝑖

𝑙
‖𝒉𝑗

𝑙
‖𝒛𝑘

𝐿
/𝜆

Entity-level Aggregation

43

෠𝜓 𝑙 𝒙 = ෝ𝒚 𝑙 𝜎 ෡𝑷 𝑙 𝒙

𝜆 = exp Ƹ𝜓 𝑙 𝒉𝑖
𝑙
‖𝒉𝑖

𝑙
‖ത𝒛𝑖

𝐿
+ ෍

𝑣𝑗′∈ ො𝒩𝑖

෍

𝑟𝑘′∈ℛ𝑗′𝑖

exp Ƹ𝜓 𝑙 𝒉𝑖
𝑙
‖𝒉

𝑗′
𝑙
‖𝒛

𝑘′
𝐿
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• Consider neighbors’ embedding vectors and their adjacent relations

𝒉𝑖
𝑙+1

= 𝜎 𝛽𝑖𝑖
𝑙 ෢𝑾 𝑙 𝒉𝑖

𝑙
‖ത𝒛𝑖

𝐿
+ ෍

𝑣𝑗∈ ෡𝒩𝑖

෍

𝑟𝑘∈ℛ𝑗𝑖

𝛽𝑖𝑗𝑘
𝑙 ෢𝑾 𝑙 𝒉𝑗

𝑙
‖𝒛𝑘

𝐿

ത𝒛𝑖
𝐿
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• Consider the entity itself, its neighbors, and the relations
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Modeling Relation-Entity Interactions

• Final embedding vectors computation

𝒛𝑘 = 𝑴𝒛𝑘
𝐿

and 𝒉𝑖 = ෡𝑴𝒉𝑖
෠𝐿

• Scoring function 
𝑓 𝑣𝑖 , 𝑟𝑘 , 𝑣𝑗 = 𝒉𝑖

⊤diag 𝑾𝒛𝑘 𝒉𝑗

• Loss

෍

𝑣𝑖,𝑟𝑘,𝑣𝑗 ∈𝒯tr

෍

𝑣𝑖
∘
,𝑟𝑘,𝑣𝑗

∘
∈𝒯tr

∘

max 0, 𝛾 − 𝑓 𝑣𝑖 , 𝑟𝑘 , 𝑣𝑗 + 𝑓 𝑣𝑖
∘
, 𝑟𝑘 , 𝑣𝑗

∘
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Dynamic split

• Randomly re-split the fact set and the training set

• Fact set: used for aggregating neighboring embeddings

• Training set: used for calculating the loss
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Re-initialization

• Randomly re-initialize all feature vectors of entities and relations

• Learns how to compute embedding vectors using random feature vectors

• Related to the expressive power of GNNs
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Experimental Results

• Datasets

• Based on NELL, Wikidata, and Freebase

• Create 13 real-world datasets with various inductive settings
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Experimental Results

• Datasets

• Based on NELL, Wikidata, and Freebase

• Create 13 real-world datasets with various inductive settings

• Comparison with 14 baselines

• Subgraph sampling: GraIL(ICML 2020), CoMPILE(AAAI 2021), SNRI(IJCAI 2022), 

INDIGO(NeurIPS 2021), RMPI(ICDE 2023)

• BERT-based: BLP(WWW 2021), QBLP(ISWC 2021), RAILD(IJCKG 2022)

• Rule-based: NeuralLP(NIPS 2017), DRUM(NeurIPS 2019), NBFNet(NeurIPS 2021), 

RED-GNN(WWW 2022)

• Others: CompGCN(ICLR 2020), NodePiece(ICLR 2022)
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Inductive Inference for Relations
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Semi-Inductive Inference for Relations
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Transductive Inference for Relations

53

0 0.2 0.4 0.6

InGram

NodePiece

CompGCN

RED-GNN

NBFNet

DRUM

NeuralLP

RAILD

QBLP

BLP

RMPI

INDIGO

SNRI

CoMPILE

GraIL

NELL-995-v1

0 0.1 0.2

InGram

NodePiece

CompGCN

RED-GNN

NBFNet

DRUM

NeuralLP

RAILD

QBLP

BLP

RMPI

INDIGO

SNRI

CoMPILE

GraIL

NL-0

InGramInGram

MRR MRR

KAIST Big Data Intelligence Lab



Conclusion

• Explore various inductive settings

• Define the relation graph to handle new relations at inference time

• Propose InGram, which learns to generate embeddings solely based on the 

structure of a given knowledge graph

• InGram significantly outperforms state-of-the-art methods for 

inductive, semi-inductive, and transductive inferences for relations
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